ON THE CHANG'S GROUP OF BL-ALGEBRAS 



CLESTIN LELE AND JEAN B NGANOU 

Abstract. For an arbitrary BL-algebra L, we construct an associated lattice 
Abelian group Gl that coincides with Chang's ^-group when the BL-algebra is 
an MV-algebra. We prove that the Chang's group of the MV-center of any BL- 
algebra L is a direct summand in Gl. We also compute examples of this group. 
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1. Introduction 

On one hand, an MV-algebra is an Abelian monoid (M, ©, 0) with an involution 
* : M ^ M (i. e.; (x*)* = x for all x G M) satisfying the following axioms for all 
x,y e M: 0* x = 0*; (x* e y)* y = (y* x)* x. On the other hand, a lattice 
ordered Abelian group (^-group) is an Abelian group (G, -|-,— ,0) equipped with a 
lattice order < that is translation invariant. In other words, for all a,b,c £ G, if 
a <b, then a + c < b + c. 

It is known that the category of MV-algebras is equivalent to that of unital lattice 
ordered groups (^-groups). This equivalence, which depends in large part on the 
natural algebraic addition of MV-algebras [4| has been an essential tool in the study 
of MV-algebras. One would solve problems of MV-algebras by considering and solv- 
ing the corresponding problems within lattice ordered groups where more tools are 
available, and settings are more familiar. 

On the other hand, MV-algebras are BL-algebras satisfying the double negation. 
But, until recently, the essential ingredient (algebraic addition) was still missing 
within the BL-algebras framework as had observed several authors [8], [H]. Very 
recently we introduced an algebraic addition in BL-algebras, as natural generaliza- 
tion of the addition in MV-algebras [15]. 

Given that a proper algebraic addition is now available in BL-algebras, it is natural 
to consider the constructions in MV-algebras that rely on the addition. The Chang's 
i-group is one of the most important such constructions. We define good sequences 
in BL-algebras as a natural generalization of good sequences in MV-algebras and 
show that their set is a commutative monoid under the addition of good sequences. 
The key step is to prove the associativity of the multiplication of good sequences. 



2000 Mathematics Subject Classification. Primary 06D99, 08A30. 
January 4, 2013. 

1 



2 



CLESTIN LELE AND JEAN B NGANOU 



To achieve this goal, we use existing properties of MV-chains, the subdirect product 
representation theorem for BL-algebras, and the decomposition of BL-chains into 
Wasjberg hoops with bottom hoop being a wasjberg algebra [HIS]. In addition, this 
monoid has a natural structure of a lattice where the suprema and infima are taken 
component wise. Unlike for MV-algebras, this monoid is no longer cancellative in 
general. Regardless, one can use the general construction due to Grothendieck of 
an Abelian group from a commutative monoid. Applying this construction to the 
monoid of good sequences, we obtain a lattice Abelian group with strong units, 
which we shall refer to as the Chang's £-group of the BL-algebra. We also consider 
the case of BL-algebras of cancellative type, where the monoid of good sequences be- 
comes cancellative and isomorphic to a subgroup of the positive cone of the Chang's 
group. This construction extends in a natural way the functor H introduced in 
[1] to a functor from the category of BL-algebras to that of lattice ordered groups 
with strong units. Some authors have already investigated possible extensions of the 
Mundici's functor to more general algebras [S1|TU]. In the present case, the Mundici's 
equivalence is no longer an equivalence (nearly an adjoint pair), and the failure to 
be invertible provides a new understanding of the gap between MV-algebras and 
BL-algebras. 

Finally, since the algebraic addition in BL-algebras does not behave nearly as nicely 
as the one in MV-algebras, we have been very cautious (probably over cautious at 
times) in proving the results most of the time with identical techniques as in |4J. 
But, there are also several instances where the techniques used for MV-algebras no 
longer work, and we have found completely different techniques. 

2. Preliminaries 

A hoop is an algebra A = (A, (8),^,1) such that (A, (8),1) is a commutative 
monoid and for all x,y,z € A: 

X — )■ X = 1 

X (8) (x — )■ y) = y (8) (y ^ x) 

X — > (y ^ z) = (x (g) y) — )• z 

It is known [T, Prop. 2.1] that any hoop {A, (g), 1) is a (natural) ordered residuated 
commutative monoid, where the order is defined byx<yiffx^y = l and the 
residuation is: 

x(8>y<ziffx<y— T-z 

In addition, a hoop is a lower semilattice order, where xAy = x(8'(x— 7>y). 

If the order of the hoop A is linear, A is called totally ordered hoop. A Wasjsberg 

hoop is a hoop that satisfies the equation: (x — )■ y) — > y = (y — )• x) — )• x. 

If the hoop A has a minimum element with respect to the order above, then A is 

called bounded hoop and is denoted by {A, (g), 0, 1). 

A Wasjberg algebra is a bounded A Wasjberg hoop. 
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A BL-algebra is a bounded hoop (A, (8), 0, 1) satisfying for all x,y,z € A: 

{x ^ y) ^ z < {{y — > x) — > z) — )■ z. Every BL-algebra has the complementation 

operation defined by x = x — > 0. 

A product BL-algebra is a BL-algebra satisfying: 

X A X = and x — )• ((x ®z^y®z)^{x^ y)) = 1 

A complete study of product BL-algebras is found in [6] . 

A Godel algebra (G-algebra) is a BL-algebra satisfying x (8" x = x. 

The following axioms of BL-algebras that shall be needed can be found [llj.|12j.|17j. 

m- 



(1) X < y iff X — > y = 1; X (8) y < X A y; 

(2) X {y z) = {x ^ y) ^ z; 

(3) X ^ {y ^ z) = y ^ {x ^ z); 

(4) If < y, then y ^ z < x — )• z and z ^ x < z — )• y; 

(5) X < y — )• (x ® y); X (8 (x ^ y) < y; 

(6) 1— 7'X = x;x^x = l;x^l = l;x<y— )-x,x<x,x = x; 

(7) X (8 X = 0; X (8 y = iff X < y; 

(8) X < y implies x ® z < y ® z^ z ^ x < z ^ y,y ^ z < x ^ z,y < x\ 

(9) x(8y = x^y;xAy = xVy, xVy = xAy,0 = l and 1 = 0; 

(10) x^y = x^y,xAy = xAy,x\'y = x\/y,x^y = x^y; 

(11) X (8 (y V z) = (x (8 y) V (x (8 z), X (8 (y A z) = (x (8 y) A (x (8 z); 

(12) X — )■ (y A z) = (x y) A (x ^ z); X — )• (y V z) = (x y) V (x — )• z). 



An MV-algebra is a BL-algebra satisfying the double negation, that is x = x. It is 
known that this is equivalent to being a Wasjberg algebra. 

In the literature, MV-algebras are also defined as Abelian monoids (M, ©, 0) with 
an involution * : M — ?• M (i. e.; (x*)* = x for all x € M) satisfying the following 
axioms for all x,y e M: 0* © x = 0*; (x* y)* y = (y* © x)* x. 
The two views are known to be equivalent. In fact, starting with a BL-algebra M 
satisfying the double negation, if one writes x ® y '■= x ^ y and x* := x, then 
(M, ©,* , 0) satisfies the definition above. Conversely, given (M, ©,* , 0) is an MV- 
algebra, if one defines x (8 y = (x* © y*)*; x^y = x*©y;xAy = x©(y© x*); 
xVy = x0(y© x*); x* = x and 1 = where x = x ^ 0. Then (M, A, V, ©, — ?>, 0, 1) 
is a BL-algebra satisfying the double negation. 

Therefore in a Wasjberg algebra, x © y will denote the element x — ?> y. 
For any BL-algebra L, the subset MV{L) = {x,x G L} is the largest MV-sub 
algebra of L and is called the MV-center of L [19j . The addition in the MV-center 
is defined by x y = x (8 y for any x,y G MV{L). A detailed treatment of the 
MV-center is found in |19j . 
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We recall that for any subset X of a BL-algebra L, X = {x,x G X}. 
Recall the definition of ordinal sums of hoops. 

Let (/, <) be a totally ordered set. For each i £ I, let Aj = (Aj, — j-j, 1) be a 
hoop such that for every i ^ j, AiCiAj = {1}. Then, the ordinal sum of the family 
(Aj)j£/ is the hoop 0jg/ Aj = (Ujg/Aj, (g), 1) where the operations ^ and are 
defined by: 

if x,y e Ai] 

X (S> y = ■[ X if X G Ai \ {!}, y € Aj and i < j; 

if y £ Ai \ {!}, X € Aj and i < j. 

if x,y e Af, 

if X € j4j \ {!}, y G j4j and i < j; 
if y Ai, x £ Aj and z < j. 

A tower of totally order Wasjberg hoops is a family r = (Cj : i G I) indexed by a 
totally ordered set (/, <) with minimum such that for each i £ I 

Ci = (Cj, (Sli, 1) 

is a totally ordered Wasjberg hoop, with C-i n Cj = {1} for i j and Co is a 
Wasjberg algebra (MV-algebra) . 

For every tower of totally order Wasjberg hoops is a family r = (Cj : i € /), A,- 
denotes the ordinal sum of the family r. 

The following result which is found in |1| Theorem 3.7], or [3l Theorem 3.4] is the 
most important result on the structure of totally ordered BL-algebras (BL-chains). 

Theorem 2.1. Every BL-chain A is isomorphic to an algebra of the form for 
some tower r of totally order Wasjberg hoops. 

We also recall the following representation theorem for BL-algebras. 

Theorem 2.2. [12^ Lemma 2.3.16] Every BL-algebra is a sub-direct product of BL- 
chains. 

Remark 2.3. It follows from Theorem 12.21 that an equation holds in every BL- 
algebra if and only if its holds in every BL-chain. 



We also recall some basic facts about the algebraic addition treated in [14^ [15] 
For every x,y € L, we recall that 

X y := X — > y 

We can observe that if the BL-algebra is an MV-algebra, the operation and © are 
the same. In particular, in the MV-center of L, coincides with ©. 

Lemma 2.4. In every BL-algebra L. 

(i). The operation is associative. That is for every x,y,zGL, {x y) z = 
x0 {y z). 
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(ii) . The operation is compatible with the BL-order. That is for every x, y,z,t G 

L, such that x < y and z <t, then x (Z) z < y (Z) t. 

(iii) . The operation distributes over V and A. That is for every x,y,z G L, 

X (y V ^) = (x y) V (x z); {x\/y)(Z) z = [x (Z) z) M {y (Z) z); x0{y Az) = 
(x y) A (x z); {x A y) z = {x z) A {y z) 

(iv) . For every x,y, z E L, x {y z) = y {x z). 

Since the pseudo-addition is not commutative and lacks an identity, we can 
construct a natural commutative operation + as follows: For every x,y € L, 

X + y := {x 0y) A{y x) (*) 

Whenever + is used in this work, it should be referring to this definition. 
The following lemma summarizes the main properties of the addition +. 

Lemma 2.5. In every BL-algebra L, 

(i) . The operation + is associative. That is for every x,y, z E L, (x + y) + z = 

X + (y + z). 

(ii) . The operation + is compatible with the BL-order. That is for every x, y,z,t E 

L, such that x < y and z <t, then x + z < y + t. 

(iii) . is the identity for +. That is, for every x £ L, x + = x. 

(iv) . 1 is an absorbing element for +. That is x + 1 = 1, for every x G L. 

(v) . For every x,y € L, x,y < x + y. 

(vi) . For every x E L, x + x = 1. 

(vii) . For every x,y E L, x + y = 1 implies x < y. 

(viii) . For every x,y E L, x + y = x + y. 

We shall also use some basic facts about lattice ordered groups, and for the con- 
venience of the reader, we recall those facts here. 

A partially ordered group (po-group) is a group {G, , 1) equipped with a partial 
order < that is translation invariant. In other words, for all a,b,c G G, ii a < b, 
then a - c <b - c. A subset S of a po-group is called convex if for all a,b,c E G such 
that a <b < c and a,c E S, then b E S. The positive cone of G, usually denoted by 
G~^ is defined as the subset of G of all elements x such that < x. If G is a po-group 
whose order defines a lattice structure, then G is called a lattice-ordered group or 
^-group. An ^-subgroup of an ^-group G is a subgroup that is also a sublattice. An 
ideal of an £-group G is a normal convex ^-subgroup of G. 

The only ^-groups that we shall deal with are Abelian, therefore we will use the 
additive notation (G, +,— ,0). Given an Abelian £-group G, an element u E G^ is 
called a strong unit if for all x E G, there exists an integer n > 1, such that x < nu. 
We shall also use the following traditional notations: given a G G, a"^ = a V 0, 

a~ = —a V 0, in particular a~^ ,a~ E G"*". 

The following result characterizes ^-groups among all partially ordered abelian groups. 
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Proposition 2.6. [7, Prop. 3.3] Let (G, +,<,—, 0) be a partially ordered abelian 
group. Then G is an £-group if and only for every a ^ G, a V exists in G. 

Proof. In fact suppose (G, +,<,—, 0) is partially ordered abelian group such that 
for every a € G, aVO exists. Then for every a,b G, it is easy to see that a V5 exists 
and aV b = {{a — 6) V 0) + 6. In addition a Ab exists and a Ab = —{—a V —b). □ 

For details on lattice ordered groups, offers a complete treatment on the topic. 

3. Addition and BL-chains 

We start by the following result provides a complete description of the addition 
in ordinal sums of tower of totally order Wasjberg hoops. 

Proposition 3.1. Let r = (Gj : i (z L) be a tower of totally order Wasjberg hoops. 
Then for every x,y £ with x and y 7^ 0; 



Proof. By the definition of the ordinal sum, a simple calculation shows that in A,-: 



where x^ := x — )-o 0. Now, the result follows from the definitions of addition and 



Lemma 3.2. Let L be a BL-chain, and x,y £ L. 

(i) . X + y < 1 implies x y = 0. 

(ii) . X + y = X + z and x ® y = x ® z imply y = z. 

(iii) . x + y = x + z<l implies y = z. 

(iv) . X + y = X implies x = 1 or y = 0. 

(v) . x + y + {x®y) = x + y 

(vi) {x ® y) + {{x + y) iSi z) = {x + y) ® {{x 1^ y) + z). 

(vii) . {x y y) + z = {x + z) V (y + z) and {x A y) + z = {x + z) A {y + z) 

(viii) . X + y = X if and only if x + y = y. 

Proof. We could use the decomposition of BL-chains given by Theorem 12.11 Propo- 
sition [3TT1 combined with similar properties for MV-chains[5l Lemma 1.6.1]. But 
since direct proofs are equally simple, we prefer to give direct proofs. 

(i) . Since x + y <1, then x0?/7^1ory0a;7^1, that is x ^ y or y ^ x. Since L is 
chain, then y < x or x < y. But in each case, x ^ y = as needed. 

(ii) . Suppose that x + y = x + z and x y = x z, then x + y = x + z and 
x^y = x0^. It follows from a similar result for MV-chains that y = z, from which 
we obtain y = z. 

(iii) . Suppose that x + y = x + z<l, then by (i), x^y = x<Siz = 0. Hence, the 
result follows from (ii). 




X 00 y if x,y e Go; 
1 otherwise. 




that of — > in the ordinal sum. 



□ 
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(iv) . Suppose that x + y = x and x < 1, then x + y = x + Q < 1 and it follows from 
(hi) that y = 1. Thus, y = as required. 

(v) . If X (S" ?/ = 0, the result is clear. On the other hand, if x (8i y 7^ 0, then by (i), 
X + y = 1 and the equation is also obvious. 

(vi) If X + 7/ = 1, then both sides of the equation equal (x (8) y) + z. But, if x + y < 1, 
then by (i) both sides of the equation equal (x + y) (8) z. 

(vii) If X < y, then x + z < y + z and (x V y) + z = (x + z) V (y + z) = y + z. The 
proof when y < x is similar. 

(viii) This follows easily from (iv). □ 

Remark 3.3. It follows from Remark 12.31 that the equations (v), (vi) and (vii) 
of Lemma 13.21 above hold in every BL-algebra. We should also point out that in 
property (ii), the conclusion cannot be replaced by y = z. 

Recall yy that a hoop A = (^4,®,— 1) is called cancellative if {A,(S)) is a can- 
cellative monoid. It is therefore clear that no nontrivial BL-algebra is cancellative 
since (8> 1 = 0. For BL-algebras, we introduce the following definition. 

Definition 3.4. A BL-chain L is called of cancellative type if for every x,y,z € L, 

X + y = X + z and x y = x (8) z imply y = z. 

A BL-algebra is called of cancellative type if it is a subdirect product of BL-chains 
of cancellative type. 

Note that if L is a BL-chain such that {L \ {0}, (8>, — 1) is a cancellative hoop, 
then L is of cancellative type. 

Example 3.5. (i) Every MV-algebra is of cancellative type. 

(ii) The Product structure on [0, 1] is of cancellative type, while the Godel structure 
on [0, 1] is not. 

(iii) More generally, every product BL-algebra is of cancellative type. In fact, it 
follows from |2] Lemma 5.1] that every product BL-chain is of cancellative type. 
It is also clear that every product BL-algebra is a subdirect product of product 
BL-chains. 

The following Lemma is key for the rest of the paper. 

Lemma 3.6. In every BL-algebra L, the following equation holds. 

(x (g) y) -I- ((x + y) ® z) = {x z) + ((x + z) ® y) 

Proof. Again, by Remark 12. 3| there is no harm in assuming that L is a BL-chain. 
But, by Theorem 12. 11 there exists a tower of totally order Wasjberg hoops r = (Cj : 
i G I) such that L = A^. We shall justify the equation for A,- by considering cases. 
First, it is clear that the equation holds if any of x, y, z is equal to or 1, so we may 
assume that {x, y, z} fl {0, 1} = 0. 

It is also clear from the definition of in the ordinal sum that for x G Co \ {1} and 
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y ^ Co, then x ®y = x. 

Case 1: If x,y,z G Cq, the equation holds since Cq is an MV-chain MV-chains[51 
Lemma 1.6.1]. 

Case 2: Ifx,y G Co and z ^ Cq. Then, (x (g) y) + {{x + y) z) = {x(S'oy)®oix(Boy) = 
X ®oy = {x z) + y = {x (S^ z) + {{x + z) (S^y). 

Case 3: li x,z G Cq and y ^ Cq. Then, (j; (8) y) + ((x + y) (8) ^) = x ®o -2 = 

(x (8)0 -z) ©0 (x ©0 z) = (x (8) z) + ((x + z)(g)y) 

Case 4: If y, z G Cq and x ^ Cq. Then, (x (8> y) + ((x + y) (8> z) = y ©o z = ^ ©o x = 
(x (8) z) + ((x + z) (8) y). 

Case 5: If x G Cq and y,z ^ Cq. Then, both sides of the equation are equal to 1. 
Case 6: If y G Cq and x, z ^ Cq. Then (x (8) y) + ((x + y) (8) z) = 1 and (x (g) z) + 
((x + z) (8) y) = (x (8) z) + y. If x (8) z ^ Co, then (x (8) z) + y = 1. If x (8) z G Co, then 
X (8) z = x z^ G Cq. But, x(8'z = x^z = x— 7'0 = x = 0. Hence, x (8) z = 1 since 
Co is an MV-algebra. Therefore, both sides of the equation are equal to 1. 
Case 7: If z G Cq and x, y ^ Cq. This case is similar to case 6. 
Case 8: If x,y,z ^ Cq. An analysis similar to the one in case 6 combined with 
Proposition 13.11 shows that both sides of the equation are equal to 1. □ 

4. Good Sequences in BL-algebras 

Definition 4.1. Let L be a BL-algebra. A sequence a := (oi, a2, . . . , a^, . . .) of 
elements of L is called a good sequence if for all i, Oj + Oj+i = Oj, and there 
exists an integer n such that o,- = for all r > n. In this case, instead of writing 
a = (oi, 02, . . . , On, 0, . . .), we will simply write a = (oi, 02, . . . , a„) 

Note that if, a = (ai, 02, . . . , an) is a good sequence, then (1, . . . , 1, ai, 02, . . . , fln) 

m 's 1 

is again a good sequence. The later will be denoted by (l*", ai, 02, • • • , an)- 
We define the addition of sequences as follows: 

Definition 4.2. Let L be a BL-algebra and let a = (ai, 02, . . . , a„, . . .), b = 
62, • • • , &n, • • •) be sequences in L. We define the sum of a and b by a + b = 
(ci, C2, . . . ,Cn, . . .) where q := a, + (aj_i 85 61) H h (ai (8) + h. 

It is clear that the addition above is commutative as + and (8> are commutative 
in L. We start by characterizing good sequences of BL-chains. 

Proposition 4.3. Let L be a BL-chain, then good sequences of L are of the form 
(1^, a) for some integer p > and a & L. 

Proof. This is clear from Lemma l3.2f iv). □ 

Remark 4.4. If C is a BL-chain and a, b are two good sequences in C, then by 
Proposition 14.31 there exists integers p,q > and a,b G L such that a = (1^, a) and 
b = (1*^, b). Therefore, a -|- b = a -|- 6, a (8> 6) and it follows from Lemma 13.21 

(v) that a -|- b is a good sequence. Thus, the sum of good sequences in a BL-chain 
is again a good sequence. 
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Lemma 4.5. Suppose that L C Yli Ci be a subdirect product of BL-chains and 
vTj : Y\ - Ci Ci is the natural projection. If a. = (ai, 02, . . . , a„, . . .) is a sequence 
in L, for every i, let = (7rj(ai), 7rj(a2), • • • ,7rj(a„), . . .) which is a sequence in Ci. 
Then; 

1. A sequence a is a good sequence in L if and only if for every i, aj is a good 
sequence in Ci and there exists m > such that 7rj(a„) = for all n > m and for 
all i. 

2. For every good sequences a, b in L, a + b is a good sequence in L if and only if 
for all i, aj + b,, is a good sequence in Ci. 

Proof. 1. This follows from the fact that a^+an+i = On if and only if 7rj(a„+a„-|-i) = 
TTi{an) for all i. 

2. The proof is simple and follows once again from the fact that every tTj is a 
BL-homomorphism, and x = y in L if and only if vrj(x) = TTi{y) for all i. □ 

It follows from Lemma 14.51 (2) and Remark 14.41 that in any BL-algebra, the sum 
of two good sequences in again a good sequences. It is clear that for every good 
sequence a in L, a + (0) = a. 

The following Lemma whose proof is straightforward reduces the associativity of the 
addition of good sequences to the case of BL-chains. 

Lemma 4.6. Suppose that L C ]^ . d be a subdirect product of BL-chains and 
TTj ■ YliCi ^ Ci is the natural projection. If a = (oi, 02, . . . , a„, . . .) is a sequence 
in L, for every i, let a^ = (7rj(ai), 7rj(a2), . . . ,714(0^), • • •) which is a sequence in Ci. 
Then for every sequences a, b, c in L, (a + b) + c = a + (b + c) if and only if for 
all i, (aj + hi) + Cj = a^ + {hi + Cj). 

Throughout the rest of this paper, Ml will denote the set of all good sequences 
in the BL-algebra L. 

Proposition 4.7. For every BL-algebra L, {Ml,+, (0)) is an Abelian monoid sat- 
isfying: for every a, b G Ml , 

a -|- b = (0) implies a = b = (0) 

Proof. It remains to prove that the addition of good sequences is associative. By 
Lemma 14.61 it is enough to show this for BL-chains. Let C be a BL-chain, and let 
a, b, c in C, then by Lemma 14.31 there exist integers p,q,r > and a,b,c & C such 
that a = (IP, a), h = {l'^,b), c = {V,c). Using the identies of Lemma [3r2l fv) and 
Lemma 13.61 we have: 

(a + b) + c = (P+'?,a + 6,a06) + (r,c) 

= (1^+'?+'", a (^b + a + b + c,a(^b+{a + b)®c,a^b'^c) 

= (1^+'?+'', a + b + c,a (g) {b + c) + {b ^ c),a + b + c + b (g) c) 

= (l^a) + (l'?+^6 + c,6®c) 

= a + (b + c) 
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Therefore, the addition + is associative in M^. 

On the other hand, if a + b = (0), by definition of the addition for all i, ai,bi < 
(a + b)j = 0. Hence ai = bi = for all i. □ 

5. The Chang's group of a BL-algebra 

Using the Grothendieck construction of a group from a commutative monoid, we 
define on Ml x Ml the relation ~ by (a, b) ~ (c, d) if and only if there exists k G Ml 
such that a + d + k = b + c + k. Then, it is easy to see that ~ is an equivalence 
relation on x M^. Let Gl = Mlx Ml/ ~ the factor set of x by ~. If 
we denote the equivalence class of (a, b) by [a, b], one has a well-defined operation 
+ on Gl given by [a, b] + [c, d] = [a + c, b + d]. Moreover, {Gl, +, [(0), (0)]) is an 
Abelian group where — [a, b] = [b,a]. We shall refer to this group as the Chang's 
group of the BL-algebra L. This terminology is motivated by the fact that when L 
is an MV-algebra, this group coincides with the well-known Chang's £-group of an 
MV-algebra. 

Our next goal is to add an order structure on G^. 

We start with the order < on the monoid {Ml, +) defined by: a, b G Ml; a < b if 
o-i < bi for all i. It is clear that < is a partial order on Ml- As the next result show, 
< is actually a lattice order. 

Proposition 5.1. {Ml, <) is a lattice where for every a, b G Ml-' 

1. a V b = (ai V 6i, 02 V 621 • • • ; On V 6„, . . .) and 

2. a A b = (ai A fei, 02 A 62, • • • , a„ A 6„, . . .). 

Proof. Note that it is enough to prove that if a, b are good sequences in L, so are 
(ai V6i, 02 V625 • • • 5 ffln V6„, . . .) and (ai A61, 02 A621 • • • , A6„, . . .). This is because, 
since the order < is coordinates- wise, it would therefore automatic that the formulae 
provide the supremum and the infimum. 

1. Because of Lemma 14.51 we may assume that L is a BL-chain. Let a, b be good 
sequences in L, then a = (P,a) and b = (l'^,6) for some integers p,q > and 
a,b ^ L. Then, 

( (1^6) \i p<q; 

(ai V6i,a2 V62,---,an V6„,...) = < (F,a) \i p > q; 

y (lP,aV6) if p = q. 

The resulting sequence is clearly a good sequence. 

2. The proof is similar to that of 1. □ 
We have the following important property of the monoid {Ml, +). 

Proposition 5.2. Let L he a BL-algebra and a, b, c be good sequences in L, then: 



(aVb) -Fc = (a + c) V (b-Fc) and (a A b) c = (a + c) A (b c) 



ON THE CHANG'S GROUP OF BL-ALGEBRAS 



11 



Proof. Again, thanks to Lemma 14.5^ we may assume that L is a BL-chain. In this 
case, there exist integers p, g, r > such that a = (P, a), b = (l"?, b) and c = (l**, c). 
As above, 



Now, we consider the following cases. 

Case 1: If p < q, then (a V b) + c = b + x,b(^x). 

Subcase 1.1: If p < q — 1, then (a+c) V (b + c) = (1'^"'''', b + x, b®x) and the equation 
is clear. 

Subcase 1.2: lip = q-l, then (a + c) V (b + c) = (1''+'", (a x) V (6 + a;), 6 (g) x) = 
(1''^'', b + x,b ® x) since a ® x <b + x. Therefore, the equality is again verified. 
Case 2: li p = q, then (a V b) + c = (F+^ (a V 6) + x, (a V 6) (g) x) = (F+^ (a + x) V 
(6 + x),(a(8)x)V(6(8'x)). The last equality is due to Lemma 13.21 (vii) . The equation 
holds because (F+'", (a + x) V (6 + x), (a (g) x) V (6 (g) x)) = (a + c) V (b + c). 
Case 3: The case p > q is symmetric to case 1. 

The proof of the second equation is similar to the above. □ 
We can consider the order on as follows. 

Proposition 5.3. Let ^ be the relation defined on Gl by [a, b] ^ [c, d] if and only 

if there exists k S Ml such that a + d + k<b + c + k. 

Then :< is a partial order relation on Gl that is translation invariant. 

Proof. The proof is a routine verification that depends only on the construction of 
the group from any commutative monoid. □ 

The partial order ^ induces a lattice structure on Gl as we now prove. 

Theorem 5.4. For every BL-algebra L, the partially ordered group Gl is a lattice 
ordered group where, 

[a,b] V[c,d] = [(a + d)V(b + c),b + d] and [a, b] A [c, d] = [(a + d) A (b + c), b + d] 

Proof. To show that Gl is a lattice ordered group, it is enough by Proposition 12.61 
to show that for every a, b e Ml, [a, b] V [(0), (0)] exists in {Gl, ^). We claim that 
[a, b] V [(0), (0)] = [a V b, b]. First, that [a V b, b] is an upper bound of [a, b] and 
[(0), (0)] is simply because b < a V b and a + b < (a V b) + b. On the other hand, 
suppose that [u,v] is any upper bound of [a, b] and [(0),(0)]. Then, there exist 
ki, k2 € Ml such that a + v + ki < b + u + ki and v + k2 < u + k2. Hence, 
a + v + ki + k2 <b + u + ki + k2 and b + v + ki + k2 < b + u + ki + k2. Thus, 
(a + V + ki + k2) V (b + V + ki + k2) < b + u + ki + k2. But, by Proposition [Q] 
(a + V + ki + k2) V (b + V + ki + k2) = (a V b) + V + ki + k2) < b + u + ki + k2. 
Therefore, [a V b, b] ■< [u, v] as needed. 
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Finally, if [a, b], [c, d] G Gl, combining the preceding special case and the argument 

in the proof of Proposition 12.61 yield, 

[a,b] V [c,d] = (([a,b] + [d,c]) V [(0),(0)]) + [c,d] 
= [(a + d) V (b + c), b + c] + [c, d] 
= [((a + d) V (b + c)) + c, b + c + d] 
= [((a + d) V(b + c)),b + d] 

The proof for the greatest lower bound is similar and we leave it as an exercise. □ 

Remark 5.5. The standard proof of Theorem 15.41 for MV-algebras relies on the fact 
that if A is an MV-algebra and a < b in if and only if there exists c G Ma such 
that b = a + c [U Prop. 2.3.2]. However, this condition does not hold for general 
BL-algebras, not even for those of cancellative type. For instance, when L = [0, 1] 
is equipped with the product structure, there does not exists a good sequence a in 
L such that (.5) = (.25) + a. 

Proposition 5.6. For every BL-algehra L, ul '■= [(1),(0)] is a strong unit of the 
i-group Gl- 

Proof. Let [a, b] € Gl, and let n > 1 be any integer such that = 6^ = for all 
i > n. Then, n(l) = (1"), b + (1") = (1"), and a < (1"). Thus, [a, b] < uul as 
required. □ 

The Chang's ^-group of the MV-center of a BL-algebra L seats in a particularly 
nice way in G^. 

Theorem 5.7. Let L be a BL-algebra and let A be the MV-center of L. Then, the 
Chang's l-group Ga of A is a direct summand of Gl. Moreover the complement of 
Ga is an ideal of Gl- 

Proof. We shall need the following definition and notation. Given a good sequence 
a := (ai, a2, . . . , a„) in L, let a = (a^, a„_i, . . . , ol), in particular a = (oT, 02, . . . , a^). 
It is clear from Lemma l3.2l fviiil that since a is a good sequence in L, so is a. Note 
that with these notations, Ga = {[S, b] : a, b G Ml}. Now, consider S(L) := 
{[a, b] : a = b}. We shall justify that S(L) is a sub-lattice ordered group of Gl and 
Gl = Ga®&{L). 

One can easily verify the following equations given any a, b in Ml . 

a + b = f + b 
a V b = f V b 
a A b = 1 A b 

A simple computation using the equations above shows that &{L) is a subgroup 
of Gl ■ In addition, one can also verify that using the formulas in Theorem 15. 4^ if 
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[a,b], [c,d] € 6(L), then [a,b] V [c, d] G 6(L) and [a,b] A [c, d] € 6(L). 
So, &{L) is a sub- lattice ordered group of G^. On the other hand, every element 
[a, b] can be decomposed as [a, b] = [a + b,b + S| + [W, b]. On one hand, it clear 
that [S, b] G Ga and on the other hand, it follows from the equations above and 
the identity a = a that [a + b, b + S] G &iL). Finally, if [a, b] € &{L), then 

a = i = H = b. Therefore, [a,b] = [(0),(0)] and Ga n 6(L) = {[(0),(0)]} as 
required. 

It remains to show that &{L) is an ideal oi Gl, or equivalently that &{L) is convex. 
For this, let [a,b],[c,d] G 6(L) and [e,f] G Gl such that [a, b] ^ [e,f] ^ [c,d]. 
Then there exists ki, k2 G such that a + f + ki <b + e + ki and e + d + k2 < 
c + f + k2 . Hence, a + f + ki < b + e + ki and e + d + k2 <c + f + k2. Since a = b 
and c = d, it follows that e + u < f + u and f + u < e + u, where u = a + c + ki + k2. 
Hence, e + u = f + u, and since Ma is cancellative [U Prop. 2.1], then e = f and 
[e, f] G 6iL). Therefore, S(L) is an ideal of Gl as needed. □ 

It is worth pointing out that unlike &{L), Ga is not an ideal of Gl in general. 
For example, if one considers the BL-chain L = [0, 1] with the product structure, 
which has the two-element Boolean algebra 2 as MV-center. Then it is clear that 
[(0), (0)] < [(.5), (0)] ^ [(1), (0)] and [(.5), (0)] ^ G^. 

Note that if L a BL-algebra that is an MV-algebra, then G{L) = 0, and it follows 
from Theorem 15.71 that Gl coincides with the well known Chang's £-group of an 
MV-algebra. 

Corollary 5.8. Let L be a BL-algebra and let A be the MV-center of L, then; 
There exists an ordered-preserving group isomorphism (o-isomorphism) from Gl 
onto Ga ^lex &{L) (the lexicographic product), where &{L) is the lattice ordered 
group above. 



Proof Consider @ : Gl ^ Ga x &{L) defined by: 

G([a,b] = ([i,H],[a + E,b + i]) 

It follows from the equations in the proof of Theorem 15.71 that is a well-defined 
group isomorphism. In addition, suppose [a, b] ^ [c, d], then there exists k G Ml 
such that a+d + k < b + c + k. Hence, a+d + k < b + c + k, and so |S, b]^|C, d]. In 
addition, if [1, b] = d], then there exists u G Ml such that a + d + u = b + c + u. 
Hence, a + b + d + c + k + u < b + a + c + d + k + u, and [a + b, b + a] ^ 
[c + d, d + ^. Therefore, 0([a, b] <; 0([c, d], where <if,x is the lexicographic order 
on Ga X 6{L). □ 
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Remark 5.9. The isomorphism of Corollary 15.81 is not in general a lattice- 
isomorphism. A general justification of this follows from the fact that the lexi- 
cographic product of two ^-groups is not an ^-group, unless the first component is 
an o-group [l3l Prop. 7]. 

For BL-algebras of cancellative type, several aspects of the construction can be 
simplified as we will see next. 

Proposition 5.10. If L is a BL-algehra of cancellative type, then {Ml,+) is a 
cancellative monoid, that is for every good sequences a, b, c in L such that a + c = 
b + c, then a = b. 

Proof. Since L is a subdirect product of BL-chains of cancellative type, it is enough 
to prove the result for BL-chains of cancellative type. Let a, b, c be good sequences 
of a BL-chain C such that a + c = b + c. Then by Lemma 14.31 there exist integers 
p,Q,r > and a,b,c G C such that a = (lP,a), b = c = {V,c). So, 

, a + c, a 1^ c) = (f"''^, 5 + c, 60c). lip = q, then since C is of cancellative type, 
then a = b and a = b. p < q — 2, then from (1^"'"'', a + c,a^c) = (f"^'", b + c, b®c), 
we obtain a c = 1. Hence, a = c = 1, which is a contradiction. \i p = q — 1, then 
c <b + c = a ® cand a + c = 1. Hence, a® c = c®l and a + c = c + 1 and since C 
is of cancellative type, we obtain a = 1. Hence 6 + c = c, which implies by Lemma 
I3.2( iv) that 6 = or c = 1. In either case, there is a contradiction. By symmetry 
the case p > q leads to similar contradictions. □ 

Note that for BL-algebras of cancellative type, the equivalence relation ~ on 
Ml X Ml can be simplified as follows, (a, b) ~ (c, d) if and only if a + d = b + c 
That is, [a, b] = [c, d] if and only if a + d = b + c. In addition, for such BL-algebras, 
the order relation ^ is simplified as [a, b] ^ [c, d] if and only if a + d < b + c. 

Proposition 5.11. For every BL-algebra L of cancellative type, {Ml,+,<) is sub- 
monoid of the positive cone of Gl and the restriction of the order of Gl to Ml 
coincides with <. 

6. Examples 

This section is devoted to computations of the Chang's ^-group of some of the 
most important BL-algebras. Besides MV-chains, linearly ordered product algebras 
and linearly ordered Godel algebras are the most important classes of BL-algebras. 
We compute their Chang's £- group next. 

The following facts simplify the computation of the Chang's ^-group for BL-chains. 

Remark 6.1. Suppose that L is a BL-chain and let [a, b] G Gl- Then by Propo- 
sition |1]3] there exists p,q > 0, a,b € L such that a = (P,a) and b = If 
a = (0), then [a,b] = [(0),b] = [(1), 6)]. Similarly if b = (0), then [a,b] = 

[(1^+-'^, a), (1)]. Therefore every element [a, b] G Gl has the form [(P, a), (!'', 6)] 
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with a ^ and 6 7^ 0. 

In addition, for a BL-chain L, the ^-group & {L) can be described as follows. 6{L) = 
{[(a), (b)] : a,b & L and a = b}. 

We can apply the above to compute the Chang's £-group of linearly ordered Godel 
algebras 

Proposition 6.2. The Chang's l-group of any linearly ordered Godel algebra is 
isomorphic to the o-group 7L. 

Proof. First, note that if L is a linearly ordered Godel algebra, then for y < x, 
X ^ y = X [12\ Lemma 4.2.14]. It follows that y < x implies y = xAy = x0{x—^ 
y) = x ®y. Thus, x ®y = Min{x,y). Also in L, x < y implies x ^ y = y 
[12\ Lemma 4.2.14], in particular the MV-center of L is the two-element Boolean 
algebra 2 := {0, 1}. It is known and easy to see that G2 — One should also 
note that for every a,b (z L\ {0}, a + b = 1. In addition, from the description of 
&{L) given in Remark |6.H we have &{L) = {[(a), (6)] : a,b > 0}. But, for every 
a,b>0, (a) + (a) = (6) + (a), with a = Min{a, b). Therefore, [(a), (6)] = [(0), (0)], 
6(L) = {0}, and by Theorem OGl = = Z. □ 

Lemma 6.3. 1. If L is linearly ordered BL-algebra, then Gl is an o-group. 

2. If L is a BL-algebra of cancellative type so that Gl is an o-group, then L is a 

BL-chain. 

Proof. Suppose that L is a BL-chain, then elements of Ml has the form (1^, a) with 
p > integer and a G L. It follows that ALl is a chain, and therefore by construction 
of Gl and we conclude that is linearly ordered. Conversely, if Gl is linearly 
ordered, and a,b e L, then [(a),(0)] ^ [{b),{0)] or [(6),(0)] ^ [(a),(0)]. Hence, 
(a) < (6) or (b) < (a), that is a < 6 or 6 < a. Therefore, L is linearly ordered as 
claimed. □ 

Now, we can compute the Chang's ^-group of the linearly ordered product alge- 
bras, starting with [0, 1]. 

Proposition 6.4. Let L = [0, 1] with the product structure. Then Gl is isomorphic 
toZxi,^R+. 

Proof. First, note that if L is a BL-chain such that Gl is an o-group, then the 

isomorphism Q of Corollarv l5.8l is a lattice isomorphism, and Gl — Ga >iiex&iL) (as 

o-groups). Since Gl is linearly ordered by Lemma [6. 3t and MV{L) = 2, it is enough 

to show that &{L) = R_|_. One should note that for every a,b G L\{0}, a-\-b = 1. In 

addition, as above, &{L) = {[(a), (6)] : a,b > 0}. Consider (/> : S(L) M_|_ defined 

ci ax 
by (j){[{a), (b)]) = -. It is clear that [(a), (6)] = [(x), (y)] if and only if - = — . So, 

is a well-defined injective map. For the surjection of </>, let x G M+. Then, there 

X X 1 

exists an integer n > 1 such that < — < 1, and it follows that </>([( — ), ( — )])• 

n n n 
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Finally, it is a routine verification to check that cj) is an order-preserving group 
homomorphism. □ 

For product BL-chains, the group &{L) coincides with the well-known o-group of 
a product BL-chain as treated in [T2] . 

Theorem 6.5. [12, Thm. 4.1.8] For every product BL-chain (L, A, V, (g), — 0, 1), 

there exists a unique (up to isomorphism) linearly ordered Abelian group S)(L) = 
(G, +Gj Ogi ^g) such that for every g,h & L \ {0}; 
(i) Og = 1; 

(a) L\ {0} is equal to the negative cone of Sj{L); 

(Hi) g +G h = g ® h; 

(iv) g <G h if and only if g < h. 

For the convenience of the reader, we outline the construction of ^{L). Since 
L is a product BL-chain, then [L \ {0}, (8), 1) is a cancellative monoid [6, Lemma 
5.1]. We start by the relation = on L \ {0} x L \ {0} defined by {x,y) = {a,h) 
if and only \i x ® b = a ® y, which is clearly an equivalence relation. Then let 
G = L \ {0} X L \ {0}/ =. If one denotes the class of (a, h) by [a, h] and equips G 
with the operation: 

[a, b] +G [c, d] = [a (S) c,b ® d], - [a, b] = [6, a], Og = [1, 1] 

Then S)[L) = (G, -|-g, Og, <g) is a totally ordered Abelian group, where [a, 6] <g 
[c, cZ] if and only \i a ® d < b i® c. Note that {L \ {0}, (8), 1) is isomorphic to the 
submonoid of G{L) made of elements of the form [a, 1]. Clearly under this identifi- 
cation the conditions (i)-(iv) of Theorem 16.51 are obvious. 

In addition, the groups S){L) and S(L) are naturally isomorphic. In fact [a, 6] i— > 
[(a), (6)] is an order-preserving isomorphism from S^{L) onto G{L). 
It is easy to see that if L = [0, 1] is equipped with the product structure, then 
9){L) = - ,1). Therefore, the next result is a generalization of Proposition 16.41 

Proposition 6.6. If L is a product BL-chain, then the Chang's group of L is 
naturally isomorphic to Z x^ez ®(-^)- 

Proof. Recall that every element [a, b] € Gl has the form [(1^, a), (1*^, 6)] with 
a 7^ and 6 7^ 0. Now, consider the map ip : &{L) — )• Z x &{L) defined by: 
^([{IP, a), (I*?, b)]) = {p-q, a-b) where a-b := a+G{-b). We have, [(F, a), (1^ b)] = 
[{V^x), (l'',y)] if and only if a(g)y) = (l«+''"+\ 5(g)x) if and only if p-hs = q+r 

and a® y = b ® x \i and only \i p — q = r — s and a +g b = x +g y if and only if 
p — q = r — s and a — b = x — y. Therefore, (/? is a well-defined one-to-one map that 
is clearly a homomorphism. For the surjectivity of (f, let {m,x) G Z x &{L). Then 
(m,x) = <f{[{l"',x),{0)]) ifm > OandO <g x; (m,x) = (^([(1™), (-j;)]) ifm > and 
X <G 0; (m, x) = ip{[{x), (1-™)]) if m < and <g x; (m, x) = (p{[{0), (1"", -x)]) 
if m < and X <g 0. Finally, if it is clear that [(F,a), (19,6)] ^ [{V,x), {V,y)] if 
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and only Hp — q<r — s or p — q = r — s and a — b <g x — y. Therefore, is an 
isomorphism of lattice ordered Abelian groups. □ 

7. A NEARLY ADJOINT PAIR OF FUNCTORS 

In this section, we consider the natural extension of the functor H (the inverse of 
the Mundici's functor) treated in [1] to BL-algebras. 

Let BC denotes the category of BL-algebras, and CU denotes the category of lattice 
ordered groups with strong units. Recall that if (G, u) and (G', u') are ^-groups with 
strong units, a morphism (p : (G, u) — )• (G', u') is a group homomorphism (j) : G G' 
such that (/>(«) = u' . 

1. Now consider H : BC — > CU defined: 

• On objects: For every BL-algebra L, H(L) is the lattice ordered group with 
strong unit {Gl,ul) of Proposition 15.61 

• On morphisms: If X, Y are BL-algebras, and / : X — )■ y is a homomorphism 
of BL-algebras. Define : {Gx,ux) — > {Gy,uy) by: H(/)([a,b]) = 
[/(a), /(b)], where /(a) := (/(ai), /(as), . . .). 

Then, one can verify that H(/) is a well-defined group homomorphism and 'B(f){ux) = 
uy, that is H(/) is a morphism in CU. It is a routine verification that H is a functor 
from BC to CU. 

2. On the other hand, we view the Mundici's functor T as having for codomain BC. 
More precisely, consider F : CU — > BC defined: 

• On objects: For every £-group with strong unit (G, li), F((G, u)) = ([0,u],V,A, 
,0,u); with X ® y = u — (2u — x — y) f\u and x ^ y = {u — x -\- y) f\ u. 

• On morphisms: If {G,u) and {G',u') are ^-groups with strong units and 
(j) : {G,u) {G',u') a morphism. Define T((j)) to be the restriction of to 
[0,n]. 

It can be proved that ([0, u], V, A, (8), — 0, u) is a BL-algebra (in fact, an MV- 
algebra)[U Prop, l.ljand F is a functor from F : CU — )• BC. 
We will need the following key results. 

Lemma 7.1. [H Lem. 1.5] Let (G, n) be an i-group with strong unit, and A = 
F(G, n) C G. For every a G G^, there exists a unique good sequence g{a) := 
(ai, . . . , On) in A such that a = ai + ■ ■ ■ + On- 

H Cor. 3.5] 

Proposition 7.2. For every (.-group with strong unit {G,u), define the map ip{G,u) '■ 
{G,u) — )■ ET{G,u) by ip(^Q^u){a) = [g{a'^), g{a^)], using the notations of the preceding 
Lemma. 

Then ip{G,u) isomorphism in CU. 

Next, we describe the best relationship between F and H. For basic terminologies, 
notations, and facts about functor adjunctions, one should consult for example [161 
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Ch. 4] 

First, the functor HF is naturally equivalent to leu [H Thm. 3.6]. 
In addition, we show that there is a natural transformation r] : Ibc ^ such that 
for every morphism f : L ^ r(G, u), there exists a morphism g : HL — )■ {G, u) such 
that T{g)r]L = f. 

Consider -q : lg£ VE described as follows: for every BL-algebra L, ijl ■ L ^ FSL 
is defined by r]i{a) = [(a), (0)]. Then r]L is well-defined since for every a G L, it is 
clear that [(a),(0)] € [0,ul]. To see that each ijl is a homomorphism in BC, we 
can observe that every morphism h : MV{L) — )• M in A4V extends uniquely to a 
morphism / : L ^ M in BC. More precisely, / is defined by /(a) = /(a). Now 
recall [H Thm. 2.12] that for very MV-algebra A, the map ipA '■ A — )• [0,iiyi] defined 
by ip{a) = [(a), (0)] is an isomorphism. Then rjL = iA° TpX where A = MV{L) and 
lA is the inclusion [0,'Uyi] ^ Ga ^ Gl. It is straightforward to verify that 77 is a 
natural transformation. 

On the other hand, let / : L — >■ F(G, n) be a morphism in BC, then ipj^^ ^-^E{f) is 
a morphism from EL {G,u) in CU. Setting g = ip'^^ ^^E{f) , it is readily verified 
that T{g)riL = f ■ The only thing missing to obtain an adjunction is the uniqueness 
of g. Unfortunately, g is not unique in general. One might think there could have 
been a more judicious choice for 77, or on the order of functors. But as we can see in 
the example below, there is no possible way to get an adjoint pair from these two 
functors. 

We will use the following lemma. 

Lemma 7.3. Let G = (G, u) and A = FG he an MV-algebra. Let L be a BL-algebra 
whose MV-center is the two element Boolean algebra. 

1. Let f : A L be a morphism in BC. Then for every a A, if 2a < u, then 
f{a) = and if u < 2a, then f[a) = 1. 

2. There is a unique morphism g : L ^ A. 

Proof. 1. Since A is an MV-algebra, so is f{A). Thus f{A) = {0, 1}. It follows 
that, for every a G A, f{a) f{u — a) as f{u — a) = f{a). Now, if 2a < u, then 
a < u — a, so f{a) < f{u — a), from which we obtain /(a) = 0. The case 1 < 2a is 
argued similarly. 

2. More generally, for any MV-algebra A and any BL-algebra L, Hom(L, A) ~ 
Hom{MV{L), A). In fact every morphism g : MV{L) — ?• A extends uniquely to a 
morphism h : L ^ A, where h{x) = g{x). 

□ 

Example 7.4. Let L = [0, 1] with the product structure and G = (Zx^e^R^, (1, 1)). 
We know from Proposition 16.41 that EL = G. We claim that there is no bijec- 
tion between Hom{EL, G) and Hom{L, FG) and there is no bijection bewteen 
Hom{TG, L) and Hom{G,EL). In fact, we have the following information about 
each of the four sets. 
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(i) Hom{L,TG) is a singleton by Lemma l7. 3( 2). 

(ii) HomCBL, G) has at least two elements: the identity map, and / : HL G 
defined by f{m,x) = (m, 1). 

(iii) Hom{TG,L) is a singleton. First, note that TG = [(0, 1); (1, 1)] = {0} x 
[1, oo) (+J{1} X (0, 1]. On the other hand, suppose that / : TG — )• L is a morphism. 
Then by Lemma ESj^l), /({O} x [l,oo)) = {0} and /({I} x (0,1]) = {1}. In fact, 
one can easily verify that the map / : TG L defined by: 

r , if (m,x) G {0} X [l,oo) 
^^""'"^^ 1 1 , if (m,x)G{l}x(0,l] 

is a morphism. 

(iv) Hom{G,'BL) = Hom{r.L,G), which by case (ii) has at least two elements. 

8. Conclusion and final Remarks 

The main goal of this work was to construct a group associated to any BL- 
algebra, that generalizes the well-known Chang's £-group of an MV-algebra. This 
was achieved using mostly the same techniques used by the authors of [4|, but 
several proofs had to be reinvented completely in the BL-algebras setting. One 
can summarize most of the work by the functor H from the category BC of BL- 
algebras to the category CU of Abelian ^-groups with strong units. There are at 
least two aspects of the study of BL-algebras that could be enhanced with the 
present work. On one hand, the failure of H to be a functor offers a new measure 
of the understanding of the gap between MV-algebras and BL-algebras. On the 
other hand, the functor H can be used to investigate classification problems of BL- 
algebras, just like the homology (and homotopy) are used to classify topological 
spaces. For example, we saw in Proposition 16.21 that the Chang's £-group of any 
linearly ordered Godel algebra is isomorphic to the o- group Z. One could ask if 
this characterizes completely the Godel BL-chains. We plan to use the fucntor S to 
investigate isomorphism problems of that type and more. 
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